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Abstract
New features of the Banach function space Lpw(ν), that is, the space of all ν-scalarly pth power integrable
functions (with 1 p < ∞ and ν any vector measure), are presented. The Fatou property plays an essential
role and leads to a new representation theorem for a large class of abstract p-convex Banach lattices.
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Abstract Banach lattices with order continuous norm and having a weak unit are precisely
those spaces of the form L1(ν), where ν is a vector measure [2, Theorem 8]. For 1  p < ∞,
this result was recently extended to the class of abstract p-convex Banach lattices with order con-
tinuous norm and a weak unit; they are all Banach lattice isomorphic to spaces of the form Lp(ν)
[5, Proposition 2.4]. It has also been recently established that the class of all abstract Banach lat-
tices with the σ -Fatou property and having a weak unit (belonging to the order continuous part
of the lattice) consists of all spaces of the form L1w(ν) [3, Theorem 2.5]. In this note we prove the
corresponding result for abstract p-convex Banach lattices with the σ -Fatou property and having
a weak unit (belonging to the order continuous part of the lattice). Namely, they are all Banach
lattice isomorphic to spaces of the form Lpw(ν), where ν is a vector measure.
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288 G.P. Curbera, W.J. Ricker / J. Math. Anal. Appl. 328 (2007) 287–294Let (Ω,Σ) be a measurable space, X be a Banach space with dual space X∗, and BX∗ :=
{x∗ ∈ X∗: ‖x∗‖  1}. Let ν :Σ → X be a σ -additive vector measure. For x∗ ∈ X∗, x∗ν is the
R-valued measure Σ  A → 〈x∗, ν(A)〉, and |x∗ν| denotes its variation measure. A set A ∈ Σ is
ν-null if |x∗ν|(A) = 0, for every x∗ ∈ X∗.
A measurable function f :Ω →R is integrable with respect to ν if
(i) f is x∗ν-integrable, for every x∗ ∈ X∗, and
(ii) for every A ∈ Σ there exists ∫
A
f dν ∈ X such that 〈x∗, ∫
A
f dν〉 = ∫
A
f dx∗ν, for every
x∗ ∈ X∗.
The space L1(ν) of all ν-integrable functions (identifying functions which are equal ν-a.e.) is
a Banach space for the norm
‖f ‖1 := sup
x∗∈BX∗
∫
Ω
|f |d|x∗ν|. (1)
It is a lattice for the ν-a.e. order, with order continuous (briefly, o.c.-) norm (i.e., increasing, order
bounded sequences are norm convergent) [2]. Simple functions are dense in L1(ν). Functions
satisfying property (i) of the previous definition are said to be ν-scalarly integrable and L1w(ν)
denotes the space consisting of all such functions. The norm (1) is necessarily finite for these
functions and makes L1w(ν) a Banach lattice for the ν-a.e. order [16].
Let 1 p < ∞. The space Lp(ν) is the set of all functions f :Ω →R such that |f |p ∈ L1(ν).
Equipped with the norm
‖f ‖p := sup
x∗∈BX∗
(∫
Ω
|f |p d|x∗ν|
)1/p
, (2)
it is an order continuous Banach lattice with the simple functions being dense [15]. The space
L
p
w(ν) is the set of all functions f :Ω →R such that |f |p ∈ L1w(ν). It is a Banach lattice for the
norm (2); see [5,15].
All spaces Lp(ν) and Lpw(ν), for 1  p < ∞, are ideals of measurable functions and have
a weak unit. Moreover, they are all Banach function spaces (briefly, B.f.s.) with respect to the
measure space (Ω,Σ,μ), where μ is any finite measure of the form μ = |x∗0ν| such that μ and
ν have the same null sets. Let (Ω,Σ,μ) be a σ -finite measure space,M be the space of all
μ-measurable functions on Ω (functions equal μ-a.e. are identified), andM+ be the cone of
those elements ofM which are non-negative μ-a.e. A function norm is a map ρ :M+ → [0,∞]
satisfying
(a) ρ(f ) = 0 iff f = 0 μ-a.e., ρ(af ) = aρ(f ) for every a  0, ρ(f + g) ρ(f )+ ρ(g) for all
f,g ∈M+;
(b) if f,g ∈M+ and f  g μ-a.e., then ρ(f ) ρ(g).
The function space Lρ is the set of all f ∈M satisfying ρ(|f |) < ∞; it is a linear space in which
ρ is a norm. We will assume that Lρ is complete. Moreover, Lρ is always a (super) Dedekind
complete Banach lattice for the μ-a.e. order and an ideal of measurable functions.
Let 1 p < ∞. The space Lp(ν) is generated by the function norm
ρpν (f ) =:
{‖f ‖p if f ∈ Lp(ν),
∞ if f /∈ Lp(ν), (3)
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ρpw(f ) := sup
x∗∈BX∗
(∫
Ω
|f |p d|x∗ν|
)1/p
, f ∈M. (4)
For general facts on integration with respect to vector measures, see [1,6,7]; on Banach func-
tion spaces, see [9–13] and [17, Chapter 15]; and on vector measures, see [4].
Recall that ρ has the Fatou property if 0  fn ↑ f inM+ implies that ρ(fn) ↑ ρ(f ) [17].
For p = 1, the following result occurs in [3].
Proposition 1. Let 1  p < ∞ and ν be any vector measure. The B.f.s. Lpw(ν) has the Fatou
property.
Proof. From (4) we see that ρpw is the supremum of a family of function semi-norms, each of
which has the Fatou property (by Fatou’s lemma). Hence, ρpw has the Fatou property. 
Let Lρ be a B.f.s. The associate space L′ρ of Lρ is generated by the function norm ρ′(g) :=
sup{∫ |fg|dμ: ρ(f ) 1, f ∈M+}. Applying the same procedure to L′ρ , we obtain the second
associate space L′′ρ . For p = 1, the following result was established in [3].
Proposition 2. Let 1 p < ∞ and ν be any vector measure. The second associate space
Lp(ν)′′ = Lpw(ν).
Proof. Consider the associated Lorentz function norm of ρpν given by(
ρpν
)
L
(f ) := inf{limρpν (fn): 0 fn ↑ f with fn ∈M+}.
Since ρpw  ρpν on M+, the Fatou property of ρpw implies that ρpw  (ρpν )L [17, §66, Theo-
rem 6(a)].
Given f  0, let hn be simple functions with 0 hn ↑ f . Then hn ∈ Lp(ν) and(
ρpν
)
L
(f ) limρpν (hn) = limρpw(hn) = ρpw(f ),
since ρpw has the Fatou property. Hence, also (ρpν )L  ρpw onM+ and so (ρpν )L = ρpw .
The result follows since ρL = ρ′′ [17, §71, Theorem 2]. 
The norm (ρpν )L is the largest norm majorized by ρpν and having the Fatou property [17,
Chapter 15]. Hence, from the previous proposition it follows that Lpw(ν) is the minimal B.f.s.
(over μ) with the Fatou property and continuously containing (with norm  1) Lp(ν). Accord-
ingly, Lpw(ν) can be interpreted as the “Fatou completion” of Lp(ν).
Recall that in any Banach lattice E, weak sequential completeness is equivalent to conver-
gence in E of all norm bounded, increasing sequences [8, Theorem 1.c.4]. Equivalently, E is a
KB-space [14, Theorem 2.5.6]. In particular, a B.f.s. is weakly sequentially complete iff it has
the Fatou property and o.c.-norm.
For p = 1, the first four equivalences of the following result are due to Stefansson [16], and
(iv) ⇔ (v) ⇔ (vi) was established in [3]. For p > 1, the equivalences (i) ⇔ (ii) ⇔ (iii) ⇔ (iv) ⇔
(vii) ⇔ (viii) occur in [5].
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equivalent:
(i) Lp(ν) is weakly sequentially complete.
(ii) Lpw(ν) is weakly sequentially complete.
(iii) Lp(ν) = Lpw(ν).
(iv) Lpw(ν) has o.c.-norm.
(v) Lp(ν) has the Fatou property.
(vi) Lpw(ν) is weakly compactly generated.
If p > 1, then (i)–(vi) are also equivalent to each of :
(vii) Lp(ν) is reflexive.
(viii) Lpw(ν) is reflexive.
Proof. (iv) ⇒ (v) We always have Lp(ν) ⊂ Lpw(ν) with the norm of Lpw(ν) coinciding on Lp(ν)
with the norm of Lp(ν). Suppose Lpw(ν) has o.c.-norm. Let f ∈ Lpw(ν). Choose simple functions
0  fn ↑ |f |. Then (|f | − fn) ↓ 0 in the order of Lpw(ν). By o.c. of the norm we deduce that
‖|f | − fn‖Lpw(ν) → 0. Hence, {fn} is Cauchy in Lp(ν) and so there exists g ∈ Lp(ν) such that
‖fn − g‖Lp(ν) → 0. Since ‖fn − g‖Lpw(ν) = ‖fn − g‖Lp(ν), we deduce that fn → g in L
p
w(ν).
Thus, |f | = g ∈ Lp(ν). Hence, f ∈ Lp(ν) and so Lpw(ν) = Lp(ν) with the same norm. Since
L
p
w(ν) has the Fatou property (cf. Proposition 1), we conclude that Lp(ν) has the Fatou property.
(v) ⇒ (iv) Suppose that Lp(ν) has the Fatou property. The discussion after Proposition 2
shows that Lpw(ν) is the minimal B.f.s. (over μ) with the Fatou property and continuously con-
taining (with norm  1) Lp(ν). Accordingly, Lpw(ν) ⊂ Lp(ν). Thus, Lp(ν) = Lpw(ν). Since
Lp(ν) has o.c.-norm, we deduce that Lpw(ν) has o.c-norm.
(ii) ⇒ (vi) Since Lp(ν) has o.c.-norm and the simple functions are dense in Lp(ν), the “same”
proof as in [2, Theorem 2] establishes the following:
Fact. For 1 p < ∞, the space Lp(ν) is weakly compactly generated.
Suppose that Lpw(ν) is weakly sequentially complete. Then it has o.c.-norm. So, the proof
of (iv) ⇒ (v) shows that Lpw(ν) = Lp(ν), with equality of norms. By the above fact, Lp(ν) is
weakly compactly generated and hence, so is Lpw(ν).
(vi) ⇒ (ii) Suppose that Lpw(ν) is not weakly sequentially complete. Since Lpw(ν) always
has the Fatou property, it follows that Lpw(ν) fails to have o.c.-norm and hence, contains an
isomorphic copy of ∞ [8, Proposition 1.a.7]. Since ∞ is an injective Banach space, Lpw(ν)
contains a complemented copy of ∞. But, ∞ is not weakly compactly generated and hence,
neither is Lpw(ν).
An examination of the proofs of (iv) ⇒ (v) and (v) ⇒ (iv) shows that the implications
(iv) ⇒ (iii) and (v) ⇒ (iii) were established there. Since Lp(ν) always has o.c.-norm and Lpw(ν)
has always the Fatou property, we see that (iii) ⇒ (iv) and (iii) ⇒ (v). These facts, together with
the relation in B.f.s.’ between weak sequential completeness, the Fatou property and o.c.-norm,
establish (iii) ⇒ (i) and (iii) ⇒ (ii). Also (i) ⇒ (v) and (ii) ⇒ (iv) follow from the same result.
For p > 1, the equivalence of each of (vii) and (viii) with each of (i)–(iv) can be found in
[5, Corollary 3.10]. 
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given by A → χA, it turns out that L1(ν) = L1([0,1]). So, the equivalences of (vii) and (viii)
with each of (i)–(iv) may fail for p = 1.
The order continuous part (Lρ)a of any B.f.s. Lρ consists of all f ∈ Lρ such that increasing
sequences which are order bounded by |f | are norm convergent [17, Chapter 15, §72]. Since
Lp(ν) has o.c.-norm and the simple functions are dense, it can be verified that (Lpw(ν))a =
Lp(ν). So, Lp(ν) is the maximal B.f.s. inside Lpw(ν) (with the same norm) which has o.c.-norm.
Thus, in view of Proposition 2, the equivalences (iv) ⇔ (v) of Proposition 3 can be seen in the
following way: If Lp(ν) has the Fatou property, then the minimal property of Lpw(ν) forces
Lp(ν) = Lpw(ν). On the other hand, if Lpw(ν) has o.c.-norm, then the maximal property of Lp(ν)
forces Lpw(ν) = Lp(ν).
We now prove the result stated at the beginning of this note. A Banach lattice E has the
σ -Fatou property if for every increasing sequence {xn} ⊆ E+ which is norm bounded, the ele-
ment x := supxn exists in E and ‖xn‖ ↑ ‖x‖. The norm in E is σ -order continuous if ‖xn‖ ↓ 0
whenever the sequence {xn} decreases to zero in E. These two properties together imply that the
norm is order continuous (i.e. ‖xτ‖ ↓ 0 whenever the net {xτ } decreases to zero in E) which is
equivalent to all increasing, order bounded sequences being norm convergent in E [18]. Let
Ea =
{
x ∈ E: |x| un ↓ 0 implies ‖un‖ ↓ 0
}
denote the space of all elements of E which have σ -o.c.-norm. It is the largest closed ideal in E
to which the restriction of the norm in E is σ -o.c. [18].
Recall that a Banach lattice is p-convex, for 1 p < ∞, if there exists a constant M > 0 such
that for every choice of x1, . . . , xn ∈ E we have∥∥∥∥∥
(
n∑
i=1
|xi |p
)1/p∥∥∥∥∥
X
M ·
(
n∑
i=1
‖xi‖pX
)1/p
.
Since ideals are sublattices, it follows that Ea is p-convex whenever E is p-convex [8, p. 51].
For E = Lpw(ν), we know that E is p-convex, has the σ -Fatou property, Ea = Lp(ν) and χΩ is
a weak unit for E which belongs to Ea . These properties of Lpw(ν) characterize a large class of
abstract Banach lattices.
Theorem 4. Let 1  p < ∞ and E be any p-convex Banach lattice with the σ -Fatou property
and possessing a weak unit which belongs to Ea . Then there exists a vector measure ν such that
E is Banach lattice isomorphic to Lpw(ν).
Proof. Since Ea is p-convex, has o.c.-norm and the weak unit of E, which belongs to Ea , is also
a weak unit of Ea , there exists a vector measure ν such that Ea is order isomorphic to Lp(ν) [5].
We now extend this order isomorphism T :Ea → Lp(ν) to all of E. Let u ∈ E+a be a weak unit
of E. Given x ∈ E+, let xn = x ∧ (nu) for n ∈ N. Since E has the σ -Fatou property, x = supxn
and ‖x‖ = sup‖xn‖. For each n ∈ N, we have xn ∈ Ea as Ea is an ideal. The sequence fn :=
T xn ∈ Lp(ν)+ is increasing in Lp(ν) since (xn) is increasing and T is an order isomorphism. As
T is continuous and (xn) is norm bounded in Ea , so is (fn) in Lp(ν). Due to the Fatou property of
L
p
w(ν), we can define the extended operator (which we also label as T ) by T x := supfn ∈ Lpw(ν).
Let us show that the extended T is additive on E+. Let x, y ∈ E+ and z := x + y. Set xn =
x ∧ (nu), yn = y ∧ (nu), and zn = z ∧ (nu). Then,
zn = (x + y) ∧ (nu) x ∧ (nu) + y ∧ (nu) = xn + yn
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T xn + Tyn and so
T (x + y) = T z = supT zn  supT xn + supTyn = T x + Ty.
We now consider the reverse inequality. Since zn = (x + y) ∧ (nu)  (xn + yn) ∧ (nu) and all
elements are in Ea where T is an order isomorphism, we have
T zn  T
(
(xn + yn) ∧ (nu)
)= T (xn + yn) ∧ T (nu) = (T xn + Tyn) ∧ (nT u).
Taking suprema yields
T (x + y) = supT zn  sup
(
(T xn + Tyn) ∧ (nT u)
)
.
This last supremum is in Lpw(ν), where the function T u can easily be shown to be a weak unit.
Thus
sup
(
(T xn + Tyn) ∧ (nT u)
)= sup(T xn + Tyn) = T x + Ty,
and hence, T :E+ → Lpw(ν) is additive (and positive). Accordingly, it can be uniquely extended
to a positive linear map T :E → Lpw(ν). Namely, define T x := T u − T v for any x ∈ E and any
u,v ∈ E+ satisfying x = u − v; see the proof of [18, Lemma 83.1].
Since T :Ea → Lp(ν) is a Banach space isomorphism there exist constants C1,C2 > 0 satis-
fying
C1‖x‖E  ρpw(T x) C2‖x‖E, x ∈ Ea. (5)
Using (5), the definition of T on E+ and the σ -Fatou property of both E and Lpw(ν) it follows
that
C1‖x‖E  ρpw(T x) C2‖x‖E, x ∈ E+. (6)
Arguing as in the proof of step (III) in the proof of Theorem 2.5 in [3] it can be shown that T is
disjointness preserving on E and hence, in particular, that
|T x| = T |x|, x ∈ E. (7)
We now show that an analog of (6) holds for all x ∈ E. Given x ∈ E we have x = x+ − x− with
x+ ∧ x− = 0. It follows from (6) that
‖x‖E 
∥∥x+∥∥
E
+ ‖x−‖E  C−11
(
ρpw
(
T x+
)+ ρpw(T x−)). (8)
Since x−, x+  |x| in E+ and the extended T  0, it follows from (7) that T x+  T |x| = |T x|
and so ρpw(T x+) ρpw(|T x|) = ρpw(T x). Similarly, ρpw(T x−) ρpw(T x). Then (8) yields
‖x‖E  2C−11 ρpw(T x).
On the other hand,
ρpw(T x) = ρpw
(
T x+ − T x−) ρpw(T x+)+ ρpw(T x−).
Applying (6), we have that the last term is at most
C2
(∥∥x+∥∥
E
+ ‖x−‖E
)
 2C2
∥∥|x|∥∥
E
.
So, with K1 := C1/2 and K2 := 2C2, we have established
K1‖x‖E  ρpw(T x)K2‖x‖E, x ∈ E. (9)
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Since T :E → Lpw(ν) is positive, injective and disjointness preserving on E, it follows that T
is an order isomorphism on E.
It remains to verify that T is surjective. Let f ∈ Lpw(ν)+. As noted above, T u is a weak unit in
L
p
w(ν). Let fn = f ∧ (nT u) for n ∈N. Then, 0 fn ↑ f with fn ∈ Lp(ν). So, yn = T −1(fn) =
T −1(f )∧ nu is an increasing, norm bounded sequence in Ea . By the σ -Fatou property of E, let
x := supyn ∈ E. By (9) we have K1‖x‖E  ρpw(f )K2‖x‖E . We need to verify that T x = f .
By definition T x = supT xn, where xn = x ∧ (nu). Since yn  nu and yn  x, we have yn  xn.
Thus, fn = Tyn  T xn. Hence, f  T x. For the reverse inequality, note that yk ↑ x and xn  x
imply that xn = supk(xn∧yk) in Ea . Since T is an order isomorphism, T xn = supk(fk ∧T xn), as
Tyk = fk . Moreover, the functions T x,T xn,f,fn ∈ Lpw(ν) ⊂ L1w(ν) [5, Proposition 3.1]. Thus,
by the Monotone Convergence Theorem, we have for each x∗ ∈ X∗ that∫
T x d|x∗ν| = sup
n
∫
T xn d|x∗ν| = sup
n
sup
k
∫
fk ∧ T xn d|x∗ν|
= sup
k
sup
n
∫
fk ∧ T xn d|x∗ν| = sup
k
∫
fk ∧ T x d|x∗ν|
= sup
k
∫
fk d|x∗ν| =
∫
f d|x∗ν|.
Hence, T x = f . The extension to general f ∈ Lpw(ν) is routine. 
In the above proof we used the fact that if h (= T u) is a weak unit in Lp(ν) = (Lpw(ν))a ,
which is equivalent to h > 0 a.e. on Ω , then h is also a weak unit in Lpw(ν). This is special. It
is not true in a general B.f.s. Lρ that a weak unit of (Lρ)a is necessarily a weak unit of Lρ ; see
[3, Example 2.6(b)]. These comments, together with Theorem 4, yield the following:
Corollary 5. Let Lρ be a B.f.s. which is p-convex for some 1 p < ∞, has the Fatou property
and for which there exists g ∈ (Lρ)a with g > 0 a.e. Then Lρ is Banach lattice isomorphic to
L
p
w(ν) for some vector measure ν.
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